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1. In 1935 Erdijs and Szekeres [3] proved that every real sequence 
of ns + 1 terms possesses a monotonic subsequence of 71 + 1 terms. (In 
fact, this result is best possible.) The theorem was subsequently proved 
very simply by Seidenberg [5] and, more recently, by Blackwell [2]. It 
implies that every real sequence of n terms has a monotonic subsequence of at 
least dn terms. Thus, every finite sequence of real numbers contains a 
comparatively long monotonic subsequence. The question naturally arises 
whether a similar result holds for infinite sequences. Although, of course, 
every infinite sequence of real numbers contains an infinite monotonic 
subsequence, we shall see that there are sequences all of whose monotonic 
subsequences are very sparse, with “density function” much less than 
l/dn. In Section 2 we investigate an analogous problem for real valued 
functions on an interval. We again find that these may possess only very 
small “sets of monotonicity”, though the precise formulation of results 
depends on the class of functions considered. 
THEOREM 1. Let fi , fi , f. ,... be a sequence of positive functions on 
(1,2, 3,...) such that, for each r, fr(n) + co as n -+ co. Then there exists a 
sequence S of real numbers with the property that, ; f  T is any monotonic sub- 
sequence of S and VT(n) is the number of elements of T among thejrst n elements 
of S, 
w-+0 as 
f  An) 
n+c0 
for I = 1,2,... . 
Proof. We begin by defining, inductively, a sequence (g,) of functions 
on (1, 2, 3 ,... >. We put 
glW = j$fAh) (n = 1, 2,...) 
and, for r = 2, 3 ,..., 
g&4 = && k-Ah),fAhN (n = 1, 2,...). 
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It is easily verified that, for each I, 
(i) g,(n) increases to co as 7t --+ co, 
(ii) g,+dn) B g&4 tn = 1,%.-h 
(iii) g,(n) <fr(n) (n = 1, 2,...). 
The sequence (a,) of integers is now defined as follows: a, = 0; a, is the 
least positive integer such that 
and, when a, ,..., a,-, have been determined, a, is defined as the least positive 
integer for which 
g&1 + -** + 4 3 (n + lj2. 
Let S, (n = 1,2,...) be the (finite, decreasing) sequence 
(a, + a, + *-. + a,, a, + u, + *** + a, - l,..., us + a, + *** + a,-, + 1) 
and, finally, let S be the sequence consisting of the terms of S, , S, ,... 
consecutively placed. Thus, 
s = (q ) a, - I,..., 1, a, + a2 , a, + a2 - l,..., a, + 1, a, + a2 + a3 ,...). 
If T is a decreasing subsequence of S, then T clearly contains elements 
from one block S, only. Since every block is finite, (1) follows immediately. 
Now let T be an increasing subsequence of S. Then T cannot contain 
more than one element from each block. Suppose that 
Then 
vT(n) < h + 1 < ,&2(u, + .‘. + ak) <g;‘“(n)* 
Hence, whenr<k, i.e. n>u,+...+u,, 
and this shows that (1) holds. 
2. A continuously differentiable function f : [a, b] -+ R1 is easily 
seen to have at least one interval of monotonicity. In particular, therefore, f 
must have a set of monotonicity with positive measure. We first show that, on 
the other hand, even when we restrict ourselves to the class C”, there exist 
functions with maximal sets of monotonicity of very small measure. 
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THEOREM 2. Given E > 0, there exists a C” function f  : [0, l] -+ Ri such 
that every set of monotonicity qf f  has outer measure less than E. 
Proof. Take an integer iV so that E < N-l and put 
A = jYNexp )t (t - -&)Ildt, 
l/N(N-1) -1 
B= 
s 
1 
0 
exP t t -N(N- 1) 
1 i )I dt. 
For K = 0, l,..., N - 1 we write a, = k/(N - 1) and we define the function 
f  : [0, I] -+ R1 by stipulating that 
when 
1 
akdx<ak+-7 N 
I -1 
t-N(N-l) )I 
dt-2(K+l) 
when 
1 
ak $- w < x < %+l . 
Clearly f  increases in the interval [al, , ak + N-l] from -2k to -2k + 1 
and decreases in [ak + N-l, a,,,] from -2K + 1 to -2(K + 1). Hence, if 
the restriction off to a subset U of [0, l] is increasing, we have, for some k, 
u c {a> u Iak , a, + N-l] u {b), 
where a E [a&i + N-r, ah] and 6 E [ak + N-l, a,,]. Thus m*(U) < N-r < E. 
If the restriction off to the set V C [0, l] decreases, then 
N-l 
k=O 
where ck E [a, , ak + N-l], and so m*(v) < N-l < E. 
Finally, f  is infinitely differentiable. For the function 4 : [0, CL] -+ Ii1 
defined by 
d(t) = Rp{t(t - a)}-’ 
i 
(t = O), 
(0 < t < a), 
0 (t = ci) 
clearly has derivatives of all orders in the interval (0, a); and at 0, cx all one- 
sided derivatives exist and are 0. 
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If the condition of continuous differentiability is weakened to continuity, 
there need no longer be any intervals of monotonicity. In fact, we shall 
give an example of a continuous function all of whose sets of monotonicity 
have measure zero. The next result paves the way for this construction. 
THEOREM 3. If  the function f  : [a, b] + RI is almost nowhere approximately 
da#erentiable, then all sets of monotonicity off have inner measure zero. 
Proof. Let E be a subset of [a, b] on which f  is monotonic. Suppose that 
m,(E) > 0. Then there exists a closed set F C E such that m(F) > 0. If 
c = inf F, d = sup F, we define the monotonic function g : [c, d] + R1 by 
the condition that g(x) =f( x ) f or x E F and g is linear in the intervals conti- 
guous to F. 
Denote the set of points of density of F by F1 , so that m(F,) = m(F) > 0. 
Let X be the subset of [a, b] in which f  is approximately differentiable and 
let Y be the subset of [c, d] in which g is not differentiable. Then 
m(X) = m(Y) = 0 and so m(F,\(X u Y)) > 0, i.e. F,\(X u Y) # @. If 
t ~&\(x u Y), theng’(f) exists and, since 6 is a point of density of F and f ,  g 
coincide on F, f&,(e) exists. However, this is impossible since E q! X. Hence 
m,(E) = 0. 
COROLLARY. If the function f  : [a, b] -+ R1 is continuous and almost nowhere 
approximately d@rentiable, then all sets of monotonic&y off have measure zero. 
Proof. If f  is monotonic on the subset E of [a, b], then f  is also monotonic 
on the closed set ,?? and so, by Theorem 3, m(E) = 0. Thus m(E) = 0. 
THEOREM 4. There exists a continuous function f  : R1 -+ Rl which is 
nowhere approximately di@rentiable and all of whose sets of monotonicity 
consequently have measure zero. 
Proof. The construction is based on one given by Behrend [l] for a 
continuous non-differentiable function. 
I. We first note that, if the subset C of R1 has positive lower density 
at the point c and if the function f  : R1 + R1 is such that 
/f(c)-f(x) j+m as x+cinC 
c-x 9 
thenf&,(c) does not exist. 
For suppose that f  &,(c) d oes exist. Then there exists a measurable set D 
which has c as a point of density and is such that 
f(c) -f(x) -f&(c) as x--+cin D. 
c-x 
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However, C n D clearly has positive lower density at c, so, in particular, c 
is a limit point of C A D. Hence 
j”L Ii(‘) -f&,(c) as x -+ c in C n D. 
But, by (9, 
If(c)-f(x)I-+~ as xAcinCnD 
c-x 
and we have a contradiction. 
II. Let g be the function on R1 with period 8 such that 
g(x) = I x I for 1 x / < 4. 
For n = 0, 1, 2 ,..., we now define the functions g, by 
&l(x) = a”g(b”x) (x E R1), 
where Q, b are positive constants. Then (i) g, is continuous; 
(ii) 0 < g,(x) < 4fP for all x; (iii) for all x, y, 
&dx) -&z(Y) \( &?a; 
X-Y 
(iv) given c, there exists an interval [x, , x, + b-“1 a distance b-n from c 
and such that 
&3(c) - &(4 = (pbn 
c-x 
for x, < x < x, + b-“. 
If 0 < a < 1, C g, converges uniformly on R1 and so the function 
is continuous everywhere. However we shall show that, if a is sufficiently 
small and b is sufficiently large, f is nowhere approximately differentiable. 
More precisely, we require that 
O<a<l, 6 > 2, ab > 1, 
1 
1-C7L-l --&>l. 
(3) 
These conditions are all satisfied when, for instance, a = l/IO and b = 40. 
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Now let x, < x < x, + P. Then 
> g?&(c) - &(X) I c-x 
n-1 
3 &n _ c &i _ f $ 
i-0 i=n+1 
= anbn - anbn - 1 
ab - 1 
_ 4b” E 
1 4a 
l-&--q-- 
) 
anbn 
l-u ’ 
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g&> - g&4 
c-x 
since ab > 1. In view of the third condition in (3) it follows that (2) holds 
with 
c = (j [xx7 , x, + b-‘1. 
7-O 
In order to apply I it only remains to show that C has positive lower 
density at c. If 0 < 6 < 2 there exists a positive integer iV such that 
2b-N < 6 < 2b-N+l 
and so 
c n [c - 6, c + S] 2 (j [xT , x, + b-‘1. 
r=N 
As b > 2, the intervals [x7 , X, + b-‘1 are disjoint and therefore 
m(c n [c - 6, c + 81) 2 m (j [xT , x, + b-‘1 
T-N 
b-N 4s 
1 -b-l a,_,- 
Hence 
lim inf m(c n lc - s9 c + &I) > 1 
26 ’ 4(b - 1) > O* 
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Since c was an arbitrary point of R1, we have now shown that the function 
f given by 
is continuous and such that all its sets of monotonicity have measure zero. 
In connection with the last theorem it is of interest to recall a result of 
Filipczak [4] who has proved that every continuous function on a perfect 
set has a perfect and therefore uncountable set of monotonicity. 
REFERENCES 
1. F. A. BEHREND, Crinkly curves and choppy surfaces, Amer. Math. Monthly 67 
(1960), 971-973. 
2. P. BLACKWELL, An alternative proof of a theorem of ErdGs and Szekeres, Amer. 
Math. Monthly 78 (1971), 273. 
3. P. ERDBS AND G. SZEKERES, A combinatorial problem in geometry, Compositio 
n/lath. 2 (1935), 463-470. 
4. F. M. FILIPCZAK, Sur les fonctions continues relativement monotones, Fund. Math. 
58 (1966), 75-87. 
5. A. SEIDENBERG, A simple proof of a theorem of Erdijs and Szekeres, J. London Math. 
Sot. 34 (1959), 352. 
